A study of the zero modes of the Faddeev-Popov operator in the maximal Abelian gauge is presented in the case of the gauge group SU (2) and for different Euclidean space-time dimensions. Explicit examples of classes of normalizable zero modes and corresponding gauge field configurations are constructed by taking into account two boundary conditions, namely: i) the finite Euclidean Yang-Mills action, ii) the finite Hilbert norm.
Introduction
The gauge fixing of a non-abelian gauge theory is one of the main ingredient in order to achieve a quantization procedure within a local, covariant and renormalizable quantum field theory framework. The usual method employed to fix the gauge is the Faddeev-Popov procedure. This procedure is, however, valid only at the perturbative domain, due to the existence of the so-called Gribov copies [1] , i.e. of equivalent field configurations fulfilling the same gauge condition.
As shown by Singer [2] , the existence of the Gribov copies is a generic feature of the gauge fixing. Gribov copies have in fact been detected in all commonly employed local, covariant and renormalizable gauge fixings. As pointed out in [2] , the Gribov problem is a non-perturbative obstruction, characterizing the impossibility of selecting a unique gauge configuration for each gauge orbit by means of a local and covariant gauge condition.
Examples of Gribov copies can be obtained by looking at the zero modes of the Faddeev-Popov operator * caprimarcio@gmail. corresponding to a given gauge-fixing condition. The presence of zero modes makes the Faddeev-Popov procedure ill-defined. As argued by Gribov in his seminal work [1] , a suitable restriction of the domain of integration in the functional integralto the so called Gribov region Ω [1, 3, 4] is needed, resulting in a deep modification of the behavior of the correlation functions of the theory in the nonperturbative infrared region, see [3] for a recent account on the Gribov issue.
The present work deals with the study of the zero modes of the Faddeev-Popov operator in the maximal Abelian gauge [5] in various Euclidean space-time dimensions and for the gauge group SU (2). We shall provide explicit examples of classes of normalizable zero modes and associated gauge configurations by taking into account two boundary conditions for the gauge fields, namely: i) the finite Euclidean Yang-Mills action,
The choice of these boundary conditions has a rather clear physical meaning. The requirement of finite action is equivalent to that of finite energy, as the Yang-Mills action enters the Boltzmann weight of the Euclidean functional integral. On the other hand, the Hilbert norm A 2 is known to be deeply related to the Gribov issue. In fact, several properties of the Gribov region in both Landau and maximal Abelian gauge can be obtained by looking at all relative minima of A 2 along the gauge orbits, see [3, 4, 6, 7, 8, 9, 10] .
This work generalizes to the case of the maximal Abelian gauge the results obtained in [11, 12] for the Landau gauge, where classes of normalizable zero modes have been obtained. As done in [11, 12] , we shall make use of Henyey's construction [13] , which allows for a self-consistent characterization of the zero modes and corresponding gauge field configurations 1 . More precisely, the differential equation for the zero mode is employed as an algebraic equation allowing us to express the gauge field in terms of the function which parametrizes the zero mode itself. This self-consistent construction can be summarized by the following steps: a) an ansatz for the gauge field configuration fulfilling the gauge condition is written down, b) a class of normalizable solutions corresponding to zero modes of the Faddeev-Popov is proposed. At this stage, the differential equation for the zero modes is employed as an algebraic equation to determine the corresponding gauge configurations in terms of the functions parametrizing the zero modes, c) one finally checks if the resulting gauge fields fulfill the boundary condition which has been imposed at infinity.
The work is organized as follows. In Section 2 we review the Faddeev-Popov quantization procedure in SU (2) Yang-Mills theory in the maximal Abelian gauge. In Section 3 we construct zero modes solutions of the Faddeev-Popov operator in d = 2 Euclidean dimensions. In this case, we shall be able to obtain a class of normalizable zero modes with corresponding gauge field configurations displaying finite action but not finite Hilbert norm. In Section 4 we face the case of d = 3 Euclidean dimensions. Here, we shall obtain a normalizable zero modes solutions with corresponding gauge fields configurations displaying finite action as well as finite norm. In Section 5 we discuss the d = 4 case. Also here, we shall be able to construct normalizable zero modes with corresponding gauge fields configurations fulfilling both boundary conditions. Finally, in Section 6 we present our conclusions.
2 A brief review of the Faddeev-Popov quantization in the maximal Abelian gauge
The gauge fixing conditions
Let us first remind some properties of the maximal Abelian gauge for the gauge group SU (2). The gauge field A µ (x) can be decomposed into its off-diagonal and diagonal components, as follows
where T a , with a = 1, 2, are the off-diagonal generators of SU (2), while T 3 stands for the diagonal one. The three generators are given in terms of Pauli matrices, T i = σ i /2 (i = 1, 2, 3), and obey the following commutation relations:
where ε ab = −ε ba ≡ ε ab3 is totally anti-symmetric:
Thus, the Yang-Mills action in Euclidean d-dimensional Euclidean space-time can be written as
Here, the off-diagonal and diagonal components of the field strength are given by:
with D ab µ being the covariant derivative with respect to the diagonal components,
The action (4) is left invariant by the gauge transformations:
where (ω a , ω) stand for the off-diagonal and diagonal components of the gauge parameter.
The gauge fixing conditions defining the maximal Abelian gauge are:
Notice that the condition imposed on the off-diagonal components is non-linear and it can be obtained by demanding that the auxiliary functional,
which corresponds to the norm of the off-diagonal components, is stationary with respect to the gauge transformations (7). Moreover, this condition allows for a residual local U (1) invariance corresponding to the diagonal subgroup of SU (2). This additional invariance has to be fixed by means of a suitable gauge condition on the diagonal component A µ . It is common to choose a Landau type condition, such as written in eq. (8), also adopted in lattice simulations.
The gauge fixing conditions for the maximal Abelian gauge, eq. (8), can be implemented by means of the Faddeev-Popov quantization method, which is expressed by the following partition function:
where the action S FP is given by
with S YM being given by (4) and
The fields (b a , b) denote the Lagrange multipliers enforcing the gauge conditions, while the fields (c a , c a ) and (c, c) are the off-diagonal and diagonal components of the Faddeev-Popov ghosts. The operator M ab is the Faddev-Popov operator and is given by:
As expected, M ab is non-linear 2 in the gauge fields, due to the non-linearity of the gauge condition (8).
The action S FP is left invariant by the nilpotent BRST transformations
which enable us to prove that the maximal Abelian gauge is a renormalizable gauge [14, 15] .
The Lagrange multipliers (b a , b) can be integrated out and the diagonal ghosts (c, c) can be completely decoupled from the theory by means of the following change of variables
2 In the case of the Landau gauge, the corresponding Faddeev-Popov operator is linear in the gauge fields, i.e.
where f abc are the structure constants of SU (N ).
with all other fields unchanged. Being linear in the fields (c, c) this change of variables leads to a Jacobian which is field independent. Thus, one verifies that
For the partition function one gets
where N in an irrelevant normalization factor. Finally, integrating out the off-diagonal ghosts, we obtain
Expression (19) is the starting point in order to investigate the non-perturbative effects related to the existence of the Gribov copies. Although being out of the aim of the present work, it is worth mentioning that a treatment of the Gribov issue similar to that of the Landau gauge [3, 16] can be implemented in the maximal Abelian gauge, see for instance refs. [6, 7, 8, 9, 10] . Let us turn thus to the characterization of the zero modes of the Faddeev-Popov operator M ab , which clearly affect expression (19).
Constructing zero modes in d = 2 Euclidean space-time
We would like to solve the equation
where M ab is the Faddeev-Popov operator, given by eq.(13), which can be written in a convenient way as
where use has been made of the eqs. (3) and (6), and of the transversality of the diagonal component of the gauge field, ∂ µ A µ = 0. Being the maximal Abelian gauge conditions given by eq. (8), we will choose a field configuration which automatically fulfills these conditions, namely
where f (r) is a spherical symmetric function. In other words, we have for the off-diagonal components the following expressions
Substituting eqs.(23) in the zero-mode equation (20), we obtain:
The first equation of (24) implies that ω 1 vanishes, ω 1 = 0, due to the asymptotic behavior at infinity required in order to have a normalizable zero mode. We are left then with the second equation of (24).
Reminding that he Laplacian operator in two-dimensional polar coordinates is given by:
it follows that eq.(24) takes the form
Applying the method of the separation of variables, we write ω 2 as
Thus
i.e. we have two ordinary differential equations:
Equation (29) is easily solved and its general solution is
We can still choose the particular solution
which will be assumed from now on, namely
Let us turn to eq.(30) which takes a simpler form by setting
so that
According to Henyey's construction [13] , we employ eq.(35) as an algebraic equation expressing the function f (r) determining the gauge field configuration, eqs.(23), in terms of the quantity ψ(r) which parametrizes the zero mode itself, eq.(27). Therefore,
We proceed now by writing down a possible trial expression for ψ which gives rise to a normalizable zero mode ω 2 as well as to a gauge configuration fulfilling the desired boundary conditions. Our first concern is to show that the gauge field configuration is real. Then, for a given ψ(r), we have to prove that the quantity r 2 f 2 (r) is positive.
As trial expression for ψ(r) we take
where p > 0 and β is a positive arbitrary constant. The norm of the zero-mode ω 2 turns out to be given by
which is finite if p > 2. The quantity r 2 f 2 (r) is then written as
Thus, r 2 f 2 (r) will be positive if
Notice also that
Having found the explicit expression for the gauge field, eq.(39), let us look at the boundary conditions. To that end, let us evaluate the field strength F a µν which, for the field configuration (22), is given by
As a consequence, the Yang-Mills action is found to be
This expression is convergent, due to the behavior of f (r) at infinity, eq.(41).
Let us turn now to the Hilbert norm
Unlike the Yang-Mills action, expression (44) is logarithmic divergent for any valid value of p (and consequently for k), i.e. for any p > 2. In summary, we have been able then to obtain a class of normalizable zero-modes of the Faddeev-Popov operator, parametrized by the parameters k and p > 2, see eq.(40), whose corresponding gauge field configuration, (22), (39), yields a finite Yang-Mills action. Though, the Hilbert norm A 2 is logarithmic divergent.
The d = 3 case
As starting gauge field configuration we take now
with g(r) being a spherical symmetric function and µ = 1, 2, 3. The definition above implies that
It is straightforward to show that this field configuration fulfills the gauge conditions of the maximal Abelian gauge, eq.(8). The next step is to solve the zero-mode equation (20) which, for the field configuration (45), can be written as
It gives rise to the following system of equations:
where we have employed spherical coordinates x = r cos ϕ sin θ ,
Parametrizing (ω 1 , ω 2 ) as
we obtain 1 r 2 ∂ ∂r r 2 ∂σ ∂r
and using the method of separation of variables, eq.(51) splits into the two equations
and
where k is a constant parameter.
Equation (53) can be written as
Its solutions can be given in terms of associated Legendre polynomials P m ℓ (cos θ) with k ≡ ℓ(ℓ + 1) ≥ 2 and m = 1, i.e. 
Turning now to eq.(54), we follow Henyey's construction [13] and proceed as in the previous section, i.e. eq.(54) is employed as an algebraic equation to express the function g(r) in terms of ψ(r), yielding
As g(r) is arbitrary, we need to propose a solution for ψ(r) in such a way that the quantity r 2 g 2 (r) is positive and, consequently, A a µ are real. A suitable choice for ψ(r) is
with p > 5/2 in order to have a normalizable zero-mode. Indeed substituting (59) in (58) we get:
which turns out to be positive for
Let us check the boundary conditions, beginning with the evaluation of the Yang-Mills action. For the field configuration (45), the components of the field strength are given by
Therefore
which is finite since g(r) ∼ 1/r 2 and g ′ (r) ∼ 1/r 3 as r → ∞.
Concerning now the Hilbert norm, one finds
In general, since g(r) ∼ 1/r 2 as r → ∞, the integral above is linearly divergent. However, we notice that there exists a particular value of p and k that makes this integral finite. Let us consider in fact the case in which
A solution of this equation is, for example, p = 3 and k = 2, yielding a Hilbert norm which is convergent, namely 
where
for the Laplacian operator we have
In this case, as starting field configuration we shall choose
where h(r) is, as in the previous cases, a spherical symmetric function. Let us write the off-diagonal components in an explicit way, in order to show that they are not singular at α = 0, i.e.
As A µ = 0, we have to prove that ∂ µ A a µ = 0 in order to check that the gauge conditions, eq. (8), are fulfilled. First we notice that
Now, acting with ∂ µ on A a µ , we obtain
Since A a 4 = 0, we have to show that ∂ µ A a µ = 0 for µ = 1, 2, 3. In fact, it is possible to prove that
Recalling now that A µ = 0, the zero-mode equation assumes the simplest form
Let us see how the term A b µ A b µ can be written by making use of the particular configuration we have chosen, eq.(70),
Thus, we have the system of equations
Moreover, from
it follows
or, in spherical coordinates,
Setting
yields the following partial differential equation for σ(r, θ, α):
where the differential operator △ is given by
implying that
where γ is constant parameter. Moreover, eq.(94) can be cast in the form
whose solution is given in terms of the associated Legendre polynomials P m ℓ (cos θ), with γ ≡ ℓ(ℓ + 1) ≥ 2 and m = 1, i.e.
where ℓ = 1, 2, 3, 4 . . . , and γ = ℓ(ℓ + 1) = 2, 6, 12, 20, . . . .
We turn now to eq.(93) which takes the form
In order to deal with this differential equation is convenient to perform the following change of variables
and define τ (s) = η(α) .
Then, we have
and eq.(98) is replaced by
We are interested in obtaining only a particular solution of the differential equation above, a task which is not too difficult. Indeed, a particular solution of (102) is provided by
with v being a real number, if, and only if, the parameters k and γ are given by:
Plugging expression (111) into eq.(110), we obtain
which is always positive if
Collecting all expressions above, we can describe the zero-mode solution with only two parameters (p, v), which are constrained by the following conditions:
where use has been made of the relation k = v(v + 2). Thus, the components of the zero-mode read ω 1 (r, α, θ, ϕ) = r (r + β) p (sin α) v P 1 v (cos θ) cos ϕ , ω 2 (r, α, θ, ϕ) = r (r + β) p (sin α) v P 1 v (cos θ) sin ϕ .
As done in the previous sections, we check now the boundary conditions. For the field configuration (70) the components of the field strength are given by:
as it follows by noticing that the diagonal configuration vanishes, A µ = 0. The Yang-Mills action is then given by 
From expression (113) it is easily seen that, for generic values of the parameters (p, v), the function h(r) behaves as h(r) ∼ 1/r 2 as r → ∞. As such, the integral (118) is logarithmic divergent. Nevertheless, we can choose the parameters p and v in such a way that h(r) behaves like 1/r n , with n > 2, as r → ∞. In fact, for p = 4 and v = 1 we obtain that h(r) ∼ 1/r 4 as r → ∞, and expression (118) is finite.
Concerning now the Hilbert norm A 2 , we get
which is also convergent in the case: p = 4, v = 1.
Conclusions
In this work we have constructed classes of normalizable zero-modes for the Faddeev-Popov operator in the maximal Abelian gauge for SU (2) Yang-Mills gauge theory in d = 2, 3, 4 Euclidean dimensions, generalizing previous works done mainly in the Landau gauge [11, 12] . The construction presented here has been achieved by employing Henyey's method [13] , which allows for a self-consistent evaluation of the corresponding gauge field configurations.
Our results can be summarized as follows:
• for d = 2 Euclidean dimensions we were able to obtain normalizable zero modes with corresponding gauge fields configurations displaying finite action but not finite Hilbert norm,
• for d = 3 and d = 4 Euclidean dimensions we have obtained normalizable zero modes solutions with corresponding gauge fields configurations displaying finite action as well as finite norm A 2 .
